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We give the proofs of the remaining results given in the main manuscript that were not considered in Section
10 of Balabdaoui, Groeneboom and Hendrickx (2017) together with additional technical lemmas needed for
proving our main results.

1. Supplement A: Asymptotic normality of the efficient score estimator

In this section we prove (iii) of Theorem 5.1 on the asymptotic normality of the efficient score estimator
α̃n. The proofs of existence and consistency of α̃n, given in (i) and (ii) of Theorem 5.1 follow the same lines
as the corresponding proofs for the simple score estimator α̂n given in Sections 10.2.1 and 10.2.1 and are
omitted.

Proof of asymptotic normality: Let τi denote the sequence of jump points of the monotone LSE ψ̂nα.
We introduce the piecewise constant function ρ̄n,β defined for u ∈ [τi, τi+1) as

ρ̄n,β(u) =


E[X|S(β)TX = τi]ψ

′
α(τi) if ψα(u) > ψ̂nα(τi) for all u ∈ (τi, τi+1),

E[X|S(β)TX = s]ψ′α(s) if ψα(s) = ψ̂nα(s) for some s ∈ (τi, τi+1),

E[X|S(β)TX = τi+1]ψ′α(τi+1) if ψα(u) < ψ̂nα(τi) for all u ∈ (τi, τi+1).

We can write,

ξnh(β̃n)

= JS(β̃n)T
∫ {

xψ̃′nh,α

(
S(β̃n)Tx

)
− E

(
X|S(β̃n)Tx

)
ψ′α̃n

(
S(β̃n)Tx

)}{
y − ψ̂nα̃n

(
S(β̃n)Tx

)}
dPn(x, y)

+ JS(β̃n)T
∫ {

E
(
X|S(β̃n)Tx

)
ψ′α̃n

(
S(β̃n)Tx

)
− ρ̄n,β̃n

(
S(β̃n)Tx

)}{
y − ψ̂nα̃n

(
S(β̃n)Tx

)}
dPn(x, y)

= J + JJ, (1.1)

using, ∫
ρ̄n,β̃n

(
S(β̃n)Tx

){
y − ψ̂nα̃n

(
S(β̃n)Tx

)}
dPn(x, y) = 0.
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The term JJ can be written as

JJ = JS(β̃n)T
∫ {

E
(
X|S(β̃n)Tx

)
ψ′α̃n

(
S(β̃n)Tx

)
− ρ̄n,β̃n

(
S(β̃n)Tx

)}
·
{
y − ψ̂nα̃n

(
S(β̃n)Tx

)}
d(Pn − P0)(x, y)

+ JS(β̃n)T
∫ {

E
(
X|S(β̃n)Tx

)
ψ′α̃n

(
S(β̃n)Tx

)
− ρ̄n,β̃n

(
S(β̃n)Tx

)}
·
{
y − ψα̃n

(
S(β̃n)Tx

)}
dP0(x, y)

+ JS(β̃n)T
∫ {

E
(
X|S(β̃n)Tx

)
ψ′α̃n

(
S(β̃n)Tx

)
− ρ̄n,β̃n

(
S(β̃n)Tx

)}
·
{
ψα̃n

(
S(β̃n)Tx

)
− ψ̂nα̃n

(
S(β̃n)Tx

)}
dP0(x, y)

= JJa + JJb + JJc, (1.2)

We first note that by Assumption A10, the functions u 7→ ψ′α(u) := ψ′S(β)(u) are uniformly bounded and
have a total variation that is uniformly bounded for all β ∈ C. This also implies, using Lemma 3.4, that the
functions u 7→ E

(
Xi|S(β)TX = u

)
ψ′α(u) have a bounded variation for all β ∈ C. Using the same arguments

as those for term IIa defined in (10.26) in the proof of Theorem 4.1, it easily follows that,

JJa = op(n
−1/2).

We next consider the term JJb. By Lemma 3.6 we know that ψ′α stays away from zero for all S(β) in a
neighborhood of S(β0). Using the same techniques as in Groeneboom and Jongbloed (2014), we can find a
constant K > 0 such that for all i = 1, . . . , d and u ∈ Iα,∣∣E (Xi|S(β)TX = u

)
ψ′α(u)− ρ̄ni,β(u)

∣∣ ≤ K ∣∣∣ψα(u)− ψ̂nα(u)
∣∣∣ (1.3)

where ρ̄ni,β denotes the ith component of ρn,β. This implies that the difference E
(
Xi|S(β)TX = u

)
ψ′α(u)−

ρ̄ni,β(u) converges to zero for all u ∈ Iα. Using Lemma 3.1 and a Taylor expansion of β 7→ ψα
(
S(β)Tx

)
we

get,

ψα
(
S(β)Tx

)
= ψ0

(
S(β0)Tx

)
+ (β − β0)T

[
JS(β0)T

(
x− E(X|S(β0)TX = S(β0)Tx)

)
ψ′0
(
S(β0)Tx

)]
+ o(β − β0), (1.4)

such that

JJb = JS(β̃n)T
∫ {

E
(
X|S(β̃n)Tx

)
ψ′α̃n

(
S(β̃n)Tx

)
− ρ̄n,β̃n

(
S(β̃n)Tx

)}
·
{
ψ0

(
S(β0)Tx

)
− ψα̃n

(
S(β̃n)Tx

)}
dP0(x, y) = op

(
β̃n − β0

)
For the therm JJc, we get by an application of the Cauchy-Schwarz inequality together with the uniform
boundedness of JS, Proposition 3.2 and (1.3) that,

JJc ≤ JS(β̃n)T

(∫ {
E
(
X|S(β̃n)Tx

)
ψ′α̃n

(
S(β̃n)Tx

)
− ρ̄n,β̃n

(
S(β̃n)Tx

)}2

dP0(x, y)

)1/2

·
∫ ({

ψα̃n

(
S(β̃n)Tx

)
− ψ̂nα̃n

(
S(β̃n)Tx

)}2

dP0(x, y)

)1/2

.
∫ {

ψα̃n

(
α̃Tnx

)
− ψ̂nα̃n

(
α̃Tnx

)}2

dG(x) = Op

(
(log n)2n−2/3

)
= op(n

−1/2).
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We conclude that (1.1) can be written as

ξnh(β̃n)

= JS(β̃n)T
∫ {

xψ̃′nh,α̃n

(
S(β̃n)Tx

)
− E

(
X|S(β̃n)Tx

)
ψ′α̃n

(
S(β̃n)Tx

)}
·
{
y − ψ̂nα̃n

(
S(β̃n)Tx

)}
dPn(x, y)

+ op

(
n−1/2 + (β̃n − β0)

)

= JS(β̃n)T
∫ {

xψ̃′nh,α̃n

(
S(β̃n)Tx

)
− E

(
X|S(β̃n)Tx

)
ψ′α̃n

(
S(β̃n)Tx

)}
·
{
y − ψα̃n

(
S(β̃n)Tx

)}
dPn(x, y)

+ JS(β̃n)T
∫ {

xψ̃′nh,α̃n

(
S(β̃n)Tx

)
− E

(
X|S(β̃n)Tx

)
ψ′α̃n

(
S(β̃n)Tx

)}
·
{
ψα̃n

(
S(β̃n)Tx

)
− ψ̂nα̃n

(
S(β̃n)Tx

)}
d(Pn − P0)(x, y)

+ JS(β̃n)T
∫ {

xψ̃′nh,α̃n

(
S(β̃n)Tx

)
− E

(
X|S(β̃n)Tx

)
ψ′α̃n

(
S(β̃n)Tx

)}
·
{
ψα̃n

(
S(β̃n)Tx

)
− ψ̂nα̃n

(
S(β̃n)Tx

)}
dP0(x, y)

+ op

(
n−1/2 + (β̃n − β0)

)
= Ja + Jb + Jc + op

(
n−1/2 + (β̃n − β0)

)
. (1.5)

We first consider the term Jb. By Assumption A10, Lemma 3.4 and Lemma 3.7 we get that the functions
u 7→ E

(
X|S(β)Tx = u

)
ψ′α̃n

(u) and u 7→ ψ̃′nh,α̃n
(u) have a uniformly bounded total variation for all β ∈ C.

Using similar arguments as for the term Ib defined in (10.28) we get for A > 0 and ν > 0 that

P (|Jb| ≥ An−1/2) ≤ ν,

for n large enough and we conclude that Jb = op(n
−1/2). For the term Jc we get,

Jc = JS(β̃n)T
∫ {

x− E
(
X|S(β̃n)Tx

)}
ψ̃′nh,α̃n

(
S(β̃n)Tx

)
·
{
ψα̃n

(
S(β̃n)Tx

)
− ψ̂nα̃n

(
S(β̃n)Tx

)}
dP0(x, y)

+ JS(β̃n)T
∫ {

ψ̃′nh,α̃n

(
S(β̃n)Tx

)
− ψ′α̃n

(
S(β̃n)Tx

)}
E
(
X|S(β̃n)Tx

)
·
{
ψα̃n

(
S(β̃n)Tx

)
− ψ̂nα̃n

(
S(β̃n)Tx

)}
dP0(x, y)

= JS(β̃n)T
∫ {

ψ̃′nh,α̃n

(
S(β̃n)Tx

)
− ψ′α̃n

(
S(β̃n)Tx

)}
E
(
X|S(β̃n)Tx

)
·
{
ψα̃n

(
S(β̃n)Tx

)
− ψ̂nα̃n

(
S(β̃n)Tx

)}
dP0(x, y)

Furthermore, let Hβ be the distribution function of the random variable S(β)TX and let E(X|u) denote the
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conditional expectation of X given S(β)TX = u, then∫ {
ψ̃′nh,α̃n

(u)− ψ′α̃n
(u)
}
E (X|u)

{
ψα̃n

(u)− ψ̂nα̃n
(u)
}
dHβ̃n

(u)

=

∫ {
1

h

∫
K ({u− v}/h) dψ̂nα̃n

(v)− ψ′α̃n
(u)

}
E (X|u)

{
ψα̃n

(u)− ψ̂nα̃n
(u)
}
dHβ̃n

(u)

=

∫ (
1

h2

∫
K ′ ({u− v}/h)

{
ψ̂nα̃n

(v)− ψα̃n
(v)
}
dv

)
E (X|u)

{
ψα̃n

(u)− ψ̂nα̃n
(u)
}
dHβ̃n

(u)

+

∫ (
1

h

∫
K ({u− v}/h)ψ′α̃n

(v) dv − ψ′α̃n
(u)

)
E (X|u)

{
ψα̃n(u)− ψ̂nα̃n (u)

}
dHβ̃n

(u)

The last term on the right hand side is Op
(
n−2/7−1/3

)
= op

(
n−1/2

)
. This follows by an application of the

Cauchy-Schwarz inequality since{∫ (
1

h

∫
K ({u− v}/h)ψ′α̃n

(v) dv − ψ′α̃n
(u)

)2

dHβ̃n
(u)

}1/2

= Op

(
n−2/7

)
,

and {∫ (
ψα̃n(u)− ψ̂nα̃n (u)

)2
dHβ̃n

(u)

}1/2

= Op

(
n−1/3

)
,

The first term on the right hand side is Op
(
n1/7−2/3

)
= op

(
n−1/2

)
using that for small h∫ (

1

h2

∫
K ′ ({u− v}/h)

{
ψ̂nα̃n(v)− ψα̃n (v)

}
dv

)
E (X|u)

{
ψα̃n(u)− ψ̂nα̃n (u)

}
dHβ̃n

(u)

.
1

h

∫ (
ψα̃n(u)− ψ̂nα̃n (u)

)2
dHβ̃n

(u),

We conclude that (1.5) can be written as,

ξnh(β̃n) = JS(β̃n)T
∫ {

xψ̃′nh,α̃n

(
S(β̃n)Tx

)
− E

(
X|S(β̃n)Tx

)
ψ′α̃n

(
S(β̃n)Tx

)}
·
{
y − ψα̃n

(
S(β̃n)Tx

)}
dPn(x, y) + op

(
n−1/2 + (β̃n − β0)

)
= JS(β̃n)T

∫
x
{
ψ̃′nh,α̃n

(
S(β̃n)Tx

)
− ψ′α̃n

(
S(β̃n)Tx

)}{
y − ψα̃n

(
S(β̃n)Tx

)}
d(Pn − P0)(x, y)

+ JS(β̃n)T
∫
x
{
ψ̃′nh,α̃n

(
S(β̃n)Tx

)
− ψ′α̃n

(
S(β̃n)Tx

)}{
y − ψα̃n

(
S(β̃n)Tx

)}
dP0(x, y)

+ JS(β̃n)T
∫ {

x− E
(
X|S(β̃n)Tx

)}
ψ′α̃n

(
S(β̃n)Tx

){
y − ψα̃n

(
S(β̃n)Tx

)}
d(Pn − P0)(x, y)

+ JS(β̃n)T
∫ {

x− E
(
X|S(β̃n)Tx

)}
ψ′α̃n

(
S(β̃n)Tx

){
y − ψα̃n

(
S(β̃n)Tx

)}
dP0(x, y)

+ op

(
n−1/2 + (β̃n − β0)

)
= JJJa + JJJb + JJJc + JJJd + op

(
n−1/2 + (β̃n − β0)

)
(1.6)

We consider JJJa first and note that by Assumption A10 and Lemma 3.7, the functions ψ′α and ψ̃′nh,α have

a uniformly bounded total variation. By an application of Lemma 3.5 we can write the difference ψ̃′nh,α−ψ′α
as the difference of two monotone functions, say f1, f2 ∈MRC1

for some constant C1 > 0. This implies that
the class of functions

F1 =

{
f(x, y) := {ψ̃′nh,α

(
S(β)Tx

)
− ψ′α

(
S(β)Tx

)
}{y − ψα

(
S(β)Tx

)
}, (x, y,β) ∈ X × R× C)

}
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is contained in the class HRC1v where v � h−1 log nn−1/3 (See the proof of Lemma 3.7). By Lemma 2.4
and the fact that the order bracketing entropy of a class does not get altered after multiplication with the
fixed and bounded function x 7→ xi we get that the class of functions involved with the term JJJa, say Fa,
satisfies

HB

(
ε,Fa, ‖ · ‖B,P0

)
.

1

ε
and ‖f‖

B,P0
. v

Using again an application of Markov’s inequality, together with Lemma 3.4.3 of van der Vaart and Wellner
(1996) we conclude that for A > 0

P (|JJJa| > An−1/2) . v1/2 = h−1/2(log n)1/2n−1/6

which can be made arbitrarily small for n large enough and h � n−1/7. We conclude that

JJJa = op(n
−1/2)

Using similar arguments as for the term JJb defined in (1.2) we also get,

JJJb = op

(
β̃n − β0

)
.

The result of Theorem 5.1 follows by noting that, using the same techniques as for the term Ia in (10.31),
we get

JJJc = (JS(β0))
T
∫ {

x− E
(
X|S(β0)Tx

)}
ψ′0
(
S(β0)Tx

) {
y − ψ0

(
S(β0)Tx

)}
d(Pn − P0)(x, y)

+ op(n
−1/2) + op(β̂n − β0)

and that by a Taylor expansion of β 7→ ψα
(
S(β)Tx

)
we get,

JJJd = −

{
(JS(β0))

T

(∫ (
ψ′0
(
S(β0)Tx

))2 · {x− E
(
X|S(β0)Tx

)} {
x− E

(
X|S(β0)Tx

)}T
dP0(x, y)

)

× JS(β0)

}
(β̃n − β0) + op(β̃n − β0)

The rest of the proof follows the same line as the proof of asymptotic normality of the simple score estimator
defined in Theorem 4.1 and is omitted.

2. Supplement B: Entropy results

Lemma 2.1. Fix ε > 0, and consider F1 a class of functions defined on X × R bounded by some constant
A > 0 and equipped by the L2 norm ‖ · ‖P0

with respect to P0. Also, let F2 be another class of continuous
functions defined on a bounded set C ⊂ Rd−1 such that F2 is equipped by the supremum norm ‖ · ‖∞, and
bounded by some constant B > 0. Moreover assume that HB(ε,F1, ‖ · ‖P0

) <∞ and HB(ε,F2, ‖ · ‖∞) <∞.
Consider

F = F1F2 =
{
f(x) = fβ(x, y) = f1(x, y)f2(β) : (x, y,β) ∈ X × R× C

}
.

Then there exists some constant B > 0 such that

HB(ε,F , ‖ · ‖P0) ≤ HB(Bε,F1, ‖ · ‖P0) +HB(Bε,F2, ‖ · ‖∞).

Proof. Let f = f1f2 ∈ F for some pair (f1, f2) ∈ F1 × F2. For ε > 0 consider the (fL1 , f
U
1 ) and (fL2 , f

U
2 )

ε-brackets with respect to ‖ · ‖P0 for f1 and f2. Note that since F1 and F2 are bounded by M = max(A,B)
we can always assume that −M ≤ fLi ≤ fUi ≤M for i ∈ {1, 2}. As we deal with a product of two functions,
construction of a bracket for f requires considering different sign cases for a given pair (x,β):
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1. 0 ≤ fL1 (x) and 0 ≤ fL2 (β),
2. 0 ≤ fL1 (x), fL2 (β) < 0 and fU2 (β) ≥ 0,
3. fL1 (x) ≤ 0, fU1 (x) ≥ 0 and 0 ≤ fL2 (β),
4. fU (x) ≤ 0, fL(β) ≥ 0,
5. fL(x) ≥ 0, fU (β) ≥ 0,
6. fL1 (x) ≤ 0, fU (x) ≥ 0, fL2 (β) ≤ 0 and fU2 (β) ≥ 0,
7. fL1 (x) ≤ 0, fU (x) ≥ 0 and fU2 (β) ≤ 0,
8. fU (x) ≤ 0, fL(β) ≤ 0 and fU (β) ≥ 0,
9. fU1 (x) ≤ 0 and fU2 (β) ≤ 0.

We can assume without loss of generality that each one these cases occur for all x ∈ X and β ∈ C since the
general case can be handled by considering the 9 different subsets of X × C. In the proof, we will restrict
ourselves to making the calculations explicit for cases 1 and 2 since the remaining cases can be handled very
similarly. Then, fL1 f

L
2 ≤ f ≤ fU1 fU2 . Also, we have that

fU1 f
U
2 − fL1 fL2 =

(
fU1 − fL1

)
fU2 + fL1

(
fU2 − fL2

)
.

Recall that M = max(A,B). Then, it follows that∫
X

(
fU1 f

U
2 − fL1 fL2

)2
dP0 ≤ 2M

(∫
X

(
fU1 − fL1

)2
dP0(x) + ‖fU2 − fL2 ‖2∞

)
≤ 4Mε2.

This in turn implies that HB(ε,F , ‖ · ‖P0
) ≤ HB(Cε,F1, ‖ · ‖P0

) +HB(Cε,F2, ‖ · ‖∞) with C = (2M)−1. Now
we consider case 2. It is not difficult to show that

fL2 f
U
1 ≤ f ≤ fU1 fU2 .

Hence, ∫
X

(
fU1 f

U
2 − fL2 fU1

)2
dP0 ≤ A2‖fU2 − fL2 ‖2∞ ≤ A2ε2

and we can take C = A−1.

Lemma 2.2. Let F be a class of functions satisfying HB(ε,F , ‖ · ‖P0
) < ∞ for every ε ∈ (0, ε0) for some

given ε0 > 0. If D = F − F the class of all differences of elements of F , then

HB(ε,D, ‖ · ‖P0
) ≤ 2HB(ε/2,F , ‖ · ‖P0

).

Proof. Let ε ∈ (0, ε0) and d = f2 − f1 denote an element in D with (f1, f2) ∈ F2. Also, let (fL1 , f
U
1 ) and

(fL2 , f
U
2 ) ε-brackets for f1 and f2. Define dL = fL2 − fU1 and dU = fU2 − fL1 . It is clear that (dL, dU ) is a

bracket for d. Furthermore, we have that∫
X

(
dU (x, y)− dL(x, y)

)2
dP0(x, y)

≤ 2

{∫
X

(
fU1 (x, y)− fL1 (x, y)

)2
dP0(x, y) +

∫
X

(
fU2 (x, y)− fL2 (x, y)

)2
dP0(x, y)

}
≤ 4ε2.

Thus,

exp
(
HB(2ε,D, ‖ · ‖P0)

)
≤ exp

(
HB(ε,F , ‖ · ‖P0)

)2
which is equivalent to the statement of the lemma.
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Consider the class GRK defined as

GRK =
{
g : g(x) = gα(x) = ψ(αTx),x ∈ X , (ψ,α) ∈MRK × B(α0, δ0)

}
. (2.1)

where MRK is the same class defined in (10.7).

Lemma 2.3. There exists A > 0 such that for ε ∈ (0,K) we have that

HB(ε,GRK , ‖ · ‖P0
) ≤ AK

ε
.

Proof. See the proof of Lemma 4.9 in Balabdaoui, Durot and Jankowski (2016).

Lemma 2.4. For some constants C > 0 and δ > 0 consider the class of functions

DRCδ =
{
d : d = f1,α − f2,α, (f1,α, f2,α) ∈ G2RC , ‖d(αT ·)‖P0

≤ δ for all α ∈ B(α0, δ0)
}
.

Let HRCv be a class of functions such that

HRCv =
{
h : h(x, y) = yd1(αTx)− d2(αTx), (x, y,α) ∈ X × R× B(α0, δ0), (d1, d2) ∈ D2

RCv

}
(2.2)

where C ≥ K0 ∨ 1. Then, for all ε ∈ (0, C) we have that

HB

(
ε, H̃, ‖ · ‖B,P0

)
≤ HB

(
εC̃−1,HRCv, ‖ · ‖P0

)
≤ C̃C

ε
� 1

ε

‖h̃‖B,P0
. D̃−1v

where

A′ = A
(

2(a0M0 + 1)
)−1/2

, D̃ = 16M0C and C̃ =
1

8M0

(
2a0 +

1

2
e(2M0)

−1

)1/2
1

C
(2.3)

with a0,M0 the same constants from Assumption A6, A the same constant in Lemma 2.3, and H̃ def
=

HRCvD̃−1.

Proof. Consider (dL1 , d
U
1 ) and (dL2 , d

U
2 ) to be ε-brackets of the functions x 7→ d1(αTx) and x 7→ d2(αTx) and

some α ∈ B(α0, δ0). It follows from Lemma 4.9 of Balabdaoui, Durot and Jankowski (2016) and Lemma 2.2
that there exists some constant A > 0 such that

HB

(
ε,DRC , ‖ · ‖P0

)
≤ AC

ε
.

Define now

hL(x, y) =

{
ydL1 (x)− dU2 (x), if y ≥ 0

ydU1 (x)− dU2 (x), if y < 0

and

hU (x, y) =

{
ydU1 (x)− dL2 (x), if y ≥ 0

ydL1 (x)− dL2 (x), if y < 0.
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Note first that (hL, hU ) is a bracket for h(x, y) = yd1(αTx) − d2(αTx). Next we compute the size of this
bracket with respect to ‖ · ‖P0 . We have that∫
X×R

(
hU (x, y)− hL(x, y)

)2
dP0(x, y) ≤ 2

{∫
X×R

y2
(
dU1 (x)− dL1 (x)

)2
dP0(x, y) +

∫
X

(
dU2 (x)− dL2 x)

)2
dG(x)

}
= 2

{
2a0

∫
X

(
dU1 (x)− dL1 (x)

)2
dG(x) +

∫
X

(
dU2 (x)− dL2 x)

)2
dG(x)

}
≤ 2

(
2a0 + 1

)
ε2

where a0 is the same constant of Assumption A6. It follows that

HB

(
ε,H, ‖ · ‖P0

)
≤ ÃC

ε

with Ã = A
(

2(2a0 + 1)
)−1/2

and A is the same constant of Lemma 2.3. Let now D > 0 be some constant

to be determined later. For a given h ∈ HRK2v, we consider h̃ = D−1h which admits [D−1hL, D−1hU ] as
bracket. We will compute the size of this bracket with respect to the Bernstein norm. By definition of the
latter we can write for any function h such that hk is P0 integrable that

‖h‖2B,P0
= 2

∞∑
k=2

1

k!
|h|kdP0.

Thus, using this and convexity of the function x 7→ |x|k for all k ≥ 2 it follows that

‖D−1hU −D−1hL‖2B,P0
= 2

∞∑
k=2

1

k!Dk

∫
X×R

∣∣∣y(dU1 (x)− dL1 (x)
)

+ dU2 (x)− dL2 (x)
∣∣∣kdP0(x, y)

≤ 2

∞∑
k=2

2k−1

k!Dk

{∫
X×R

|y|k
(
dU1 (x)− dL1 (x)

)k
dP0(x, y) +

∫
X×R

(
dU2 (x)− dL2 (x)

)k
dP0(x, y)

}
.

Using Assumption A7 and the fact that |dLi | ≤ K2 and |dUi | ≤ 2C for i ∈ {1, 2} (an assumption that one can
always make in constructing brackets for a bounded class) we can write

‖D−1hU −D−1hL‖2B,P0
≤

∞∑
k=2

1

k!

(
2

D

)k {
a0M

k−2
0 k!(4C)k−2

∫
X

(
dU1 (x)− dL1 (x)

)2
dP0(x, y)

+(4C)k−2
∫
X

(
dU1 (x)− dL1 (x)

)2
dP0(x, y)

}
=

(
2

D

)2{
a0

∞∑
k=2

(
8M0C

D

)k−2
+

∞∑
k=2

1

k!

(
8C

D

)k−2}
ε2

≤
(

2

D

)2{
a0

∞∑
k=0

(
8M0C

D

)k
+

1

2

∞∑
k=0

1

k!

(
8C

D

)k }
ε2, using k! ≥ 2(k − 2)!.

Taking D = D̃ = 16M0C yields

‖D̃−1hU − D̃−1hL‖2B,P0
≤
(

2

D̃

)2(
2a0 +

1

2
e(2M0)

−1

)
ε2

which in turn implies that

‖D̃−1hU − D̃−1hL‖B,P0 ≤
1

8M0

(
2a0 +

1

2
e(2M0)

−1

)1/2
1

C
ε.
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This completes the proof of the first claim about the entropy bound of the class H̃ with D̃ defined as above.
Now for a given element h̃ ∈ H̃ we calculate

‖h̃‖2B,P0
= 2

∞∑
k=2

1

D̃k

1

k!

∫
X×R

∣∣yd1(αTx)− d2(αTx)
∣∣kdP0(x, y)

≤ 2

∞∑
k=2

2k−1

D̃k

1

k!

∫
X×R

{∣∣y∣∣k∣∣d1(αTx)
∣∣k +

∣∣d2(αTx)
∣∣kdP0(x, y)

}
≤ 2

∞∑
k=2

2k−1

D̃k

1

k!
(2C)k−2

{
a0M

k−2
0 k!

∫
X×R

∣∣d1(αTx)
∣∣2dP0(x, y) +

∫
X×R

∣∣d2(αTx)
∣∣2dP0(x, y)

}

≤
(

2

D̃

)2
{
a0

∞∑
k=2

(
8M0C

D̃

)k−2
+

∞∑
k=2

1

k!

(
8C

D̃

)k−2}
v2 using the definition of the class

≤
(

2

D̃

)2(
2a0 +

1

2
e(2M0)

−1

)
v2 using arguments as above,

implying that

‖h̃‖B,P0
≤ 2

(
2a0 +

1

2
e(2M0)

−1

)1/2
1

D̃
v . D̃−1v

as claimed.

Recall that X is the support of the covariates Xi, i = 1, . . . , n. Let us denote by Xj , j = 1, . . . , d the set
of the j-th projection of x ∈ X . Also, consider some function s that d− 1 times continuously differentiable
on a convex and bounded set C ∈ Rd−1 with a nonempty interior such that there exists M > 0 satisfying

max
k.≤d−1

sup
β∈C
|Dks(β)| ≤M (2.4)

where k = (k1, . . . , kd) with kj an integer ∈ {0, . . . , d− 1}, k. =
∑d−1
i=1 ki and

Dk ≡ ∂k.s(β)

∂βk1 . . . ∂βkd
.

Consider now the class

QjRC =
{
qj(x, y) = s(β)xj(y − ψ(αTx)), (α,β, ψ) ∈ B(α0, δ0)× C ×MRC and (xj , y) ∈ Xj× ∈ R

}
. (2.5)

Define

Q̃jRC =
{
q̃j : q̃j = qjD̃

−1, qj ∈ QRC
}
,

where D̃ > 0 is some appropriate constant.

Lemma 2.5. Let ε ∈ (0, 1) and C ≥ max(1, 2M0,Me−1/42−1/2R−1, 2a
1/2
0 e−1/2). Then, there exist some

constant B1 > 0 and B2 depending on a0, M0, and R such that

HB

(
ε, Q̃jRC , ‖ · ‖B,P0

)
≤ B1C

ε
, ‖q̃j‖B,P0 ≤ B2,

if D̃ = 8MRC where a0 and M0 are the same positive constants in Assumption A6, and M is from (2.4).
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Proof. Fix j ∈ {1, . . . , d}. The proof of this lemma uses similar techniques as in showing Lemma 2.4. Let
(gL, gU ) be ε-brackets for the class GRC . Using the result of Lemma 2.3 we know that there are at most
N ≤ exp(AC/ε) such brackets covering GRC for some constant A > 0. Define

(
kL(x, y), kU (x, y)

)
=


(
xj(y − gL(x)), xj(y − gU (x))

)
, if xj ≥ 0(

xj(y − gU (x)), xj(y − gL(x))
)
, if xj < 0 .

(2.6)

Then, the collection of all possible pairs (qL, qU ) form brackets for the class of functions

KjRC ≡
{
kj(x, y) = xj(y − ψ(αTx)), (α, ψ) ∈ B(α0, δ0)×MRC and (xj ,x, y) ∈ Xj ×X × R

}
.

Furthermore we have that

‖kU − kL‖2P0
=

∫
X
x2j
(
gU (x)− gL(x)

)2
dG(x)

≤ ‖x‖22
∫
X

(
gU (x)− gL(x)

)2
dG(x) ≤ R2ε2.

This implies that

HB

(
ε,KjRC , ‖ · ‖P0

)
≤ ARC

ε

where A is the same constant of Lemma 2.3. Furthermore, the assumption in (2.4) implies that the function
s belongs to Cd−1

M̃
as defined in Section 2.7 in van der Vaart and Wellner (1996), with M̃ = 2M . Using now

Theorem 2.7.1 of van der Vaart and Wellner (1996) it follows that there exists some constant B > 0 such
that

logN
(
ε, Cd−1

M̃
, ‖ · ‖∞

)
≤ B

(
1

ε

)d/(d−1)
≤ B

ε
.

This also implies that

HB

(
ε, Cd−1

M̃
, ‖ · ‖∞

)
= logN

(
ε/2, Cd−1

M̃
, ‖ · ‖∞

)
≤ 2B

ε
.

Indeed, for an arbitrary s ∈ Cd−1
M̃

there exists si, i ∈ {1, . . . , N}, with N = N
(
ε/2, Cd−1

M̃
, ‖ · ‖∞

)
, such that

‖s− si‖∞ ≤ ε/2. The claim follows from noting that (si− ε/2, si+ ε/2) is an ε-bracket for Cd−1
M̃

with respect

to ‖ · ‖∞. Using Lemma 2.1 it follows that there exists some constant L > 0 such that

HB

(
ε,QjRC , ‖ · ‖P0

)
≤ L

(
1

ε
+
C

ε

)
≤ 2LC

ε
(2.7)

using that C ≥ 1, d−1 ≥ 1 and ε ∈ (0, 1). Consider now a constant D > 0, and (qL, qU ) and ε-bracket. From
the proof of Lemma 2.1 we know that we can restrict attention to the case for example to case 1 assumed to
occur for all (x,β) ∈ X × C. In such that we have qL = sLkL and qU = sUkU where (sL, sU ) is an ε-bracket
for C1

M̃
equipped with ‖ · ‖∞, where the expression of (kL, kU ) is given in (2.6). We can now write

‖D−1qU −D−1qL‖2B,P0
= 2

∞∑
k=2

1

k!

1

Dk

∫
X×R

∣∣sUkU − sLkL∣∣kdP0

≤
∞∑
k=2

2k

k!

1

Dk

∫
X×R

{∣∣sU(kU − kL)|k +
∣∣kL(sU − sL)∣∣k}dP0
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with ∫
X×R

∣∣sU(kU − kL)∣∣kdP0 ≤Mk(2RC)k−2
∫
X×R

(
kU − kL

)2
dP0 = M2(2MCR)k−2ε2

where we used the fact that |s| ≤M by assumption of the lemma (implying that we can constructs brackets
(sL, sU ) satisfying the same property), and kU − kU = xj(g

U − gL) ≤ 2RC. Also, if we assume without loss
of generality that xj ≥ 0 is satisfied for all x ∈ X we have that∫

X×R

∣∣kL(sU − sL)∣∣kdP0 ≤ (2M)k−2
∫
X×R

∣∣xj(y − gL(x))|kdP0(x, y)× ε2

≤ (2M)k−2Rk2k−1
∫
X×R

{
|y|k +

∣∣gL(x)
∣∣k }dP0(x, y)× ε2

≤ (2M)k−2Rk2k−1
(
a0M

k−2
0 k! + Ck

)
ε2.

Putting these inequalities together and after some algebra we get

‖D−1qU −D−1qL‖2B,P0

≤

(
1

2

(
2M

D

)2

e4MCR/D +

(
2RC

D

)2

e8MCR/D + 2a0

(
2R

D

)2
1

1− 8MM0R/D
)

)
ε2.

Now let us choose D̃ = D ≥ max(16MM0R, 8MRC). In particular, we can assume that C is large enough
so that max(16MM0R, 8MRC) = 8MRC = D̃ (or equivalently C ≥ 2M0). Then, 4MCR/D̃ = 1/2,
8MCR/D̃ = 1/4, and 8MM0R/D̃ = M0/C ≤ 1/2. Therefore,

‖D̃−1qU − D̃−1qL‖2B,P0
≤

(
1

2

(
2M

D̃

)2

e1/2 +

(
2RC

D̃

)2

e+ 4a0

(
2R

D̃

)2
)
ε2

=
(

2M2e1/2 + 4R2e C2 + 16a0R
2
) 1

D̃2
ε2

≤ ÃC2

D̃2
ε2 =

Ã

64M2R2
ε2

if C is large enough, where Ã = 2M2e1/2 + 4R2e+ 16a0R
2. It follows that we can find some constant L̃ > 0

such that

‖D̃−1qU − D̃−1qL‖B,P0 ≤ L̃ε.

This in turn implies that

HB

(
L̃ε, Q̃jRC , ‖ · ‖B,P0

)
≤ HB

(
ε,QjRC , ‖ · ‖P0

)
.

2MC

ε

using (2.7). Hence, we can find a constant B1 > 0 such that

HB

(
ε, Q̃jRC , ‖ · ‖B,P0

)
≤ B1C

ε
.
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Now we turn to computing an upper bound for ‖q̃j‖B,P0 . We have

‖q̃j‖2B,P0
= 2

∞∑
k=2

1

k!
D−k

∫
X×R

|s(β)|k
∣∣xj(y − ψ(αTx)

)∣∣kdP0(x, y)

≤
∞∑
k=2

1

k!
2kD−k(RM)k

∫
X×R

{∣∣y∣∣k +
∣∣ψ(αTx)

∣∣k}dP0(x, y)

≤
∞∑
k=2

1

k!
2kD−k(RM)k

(
a0M

k−2
0 k! + Ck

)
≤ a0

(
2MR

D

)2 ∞∑
k=2

(
2RMM0

D

)k−2
+

1

2

(
2MRC

D

)2 ∞∑
k=2

1

(k − 2)!

(
2RMC

D

)k−2
≤ a0

(
1

2C

)2 ∞∑
k=0

(
1

4

)k
+

1

2

(
1

2

)2 ∞∑
k=0

1

k!

(
1

2

)k
≤ a0

(
1

2C

)2
3

4
+

1

2

(
1

2

)2

e1/2 if D = 4MRC and C ≥ max(1, 2M0).

The proof of the lemma is complete if we write B2 = (3a0/16 + e1/2/8)1/2.

In the next lemma, we consider a given a class of functions F which admits a bounded bracketing entropy
with respect to ‖ · ‖P0 for ε ∈ (0, 1]. Suppose also that there exists D > 0 such that ‖f‖∞ ≤ D and δ > 0
such that ‖f‖P0

≤ δ for all f ∈ F . Then we can derive an upper bound for the bracketing entropy for the
class

F̃ =
{
f̃ : f̃(x, y) = (4M0D)−1f(x)

(
y − λψ0(αT0 x)

)
, (x, y) ∈ X × R and f ∈ F

}
(2.8)

with respect to the Bernstein norm. Here, M0 is the same constant from Assumption A6 and D̃ is a positive
constant that will be determined below.

Lemma 2.6. Let F be a class of functions satisfying the conditions above. Then,

HB(ε, F̃ , ‖ · ‖B,P0
) ≤ HB(εD̃−1,F , ‖ · ‖P0

), and ‖f̃‖B,P0
≤ D̃δ

where

D̃ =

(
a0

2M2
0

+
λ2K2

0

8M2
0

eλK0(2M0)
−1

)1/2

D−1 (2.9)

and a0,M0 are the same constants from Assumption A6.

Proof. Let (L,U) be an ε-bracket for F with respect to ‖ · ‖P0 . Consider the class

F ′ =
{
f ′ : f ′(x, y) = f(x)

(
y − λψ0(αT0 x)

)
, (x, y) ∈ X × R and f ∈ F

}
.

Then for f ′ ∈ F ′ we have

L(x)(y − λψ0(αT0 x)) ≤ f ′(x, y) ≤ U(x)(y − λψ0(αT0 x)), if y − λψ0(αT0 x) ≥ 0 or

U(x)(y − λψ0(αT0 x)) ≤ f ′(x, y) ≤ L(x)(y − λψ0(αT0 x)), if y − λψ0(αT0 x) < 0 .
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Let (L′, U ′) denote the new bracket. Using the definition of the Bernstein norm, convexity of x 7→ xk, k ≥ 2
and ‖ψ0‖∞ ≤ K0 we have that∥∥(U ′ − L′)(4M0D)−1

∥∥2
B,P0

= 2

∞∑
k=2

(4M0D)−k

k!

∫
X×R

(U(x)− L(x))k|y − λψ0(αT0 x)|kdP0(x, y)

≤ 2

∞∑
k=2

(4M0D)−k

k!

∫
X×R

(U(x)− L(x))k2k−1
(
|y|k + λk|ψ0(αT0 x)|k

)
dP0(x, y)

≤
∞∑
k=2

1

2kDkMk
0 k!

∫
X×R

(U(x)− L(x))k
(
|y|k + λkKk

0

)
dP0(x, y)

≤
∞∑
k=2

1

2kDkMk
0 k!

∫
X×R

(U(x)− L(x))k(a0k!Mk−2
0 + λkKk

0 )dP0(x, y)

≤ a0
4M2

0D
2

∞∑
k=2

1

2k−2

∫
X×R

(U(x)− L(x))2g(x)dx+
λ2K2

0

4D2M2
0

∞∑
k=2

(
λK0

2M0

)k−2
1

k!

∫
X×R

(U(x)− L(x))2g(x)dx

≤ a0
2M2

0D
2
ε2 +

λ2K2
0

8D2M2
0

∞∑
k=2

1

(k − 2)!

(
λK0

2M0

)k−2
ε2

≤
(

a0
2M2

0D
2

+
λ2K2

0

8D2M2
0

eλK0(2M0)
−1

)
ε2 = D̃2 ε2.

This implies that

HB

(
εD̃, F̃ , ‖ · ‖B,P0

)
≤ HB

(
ε,F , ‖ · ‖P0

)
or equivalently

HB

(
ε,F ′, ‖ · ‖B,P0

)
≤ HB

(
εD̃−1,F , ‖ · ‖P0

)
.

Using similar calculations we can write

‖f̃‖2B,P = 2

∞∑
k=2

1

(4M0D)k
1

k!

∫
X×R

|f(x)|k|y − λψ0(αT0 x)|kdP(x, y)

≤ 1

D2

∞∑
k=2

1

(2M0)k
1

k!

∫
X×R

f(x)2(a0k!Mk−2
0 + λkKk

0 )g(x)dx

≤

(
a0

4M2
0D

2

∞∑
k=2

1

2k−2
+

λ2K2
0

8D2M2
0

∞∑
k=2

(
λK0

2M0

)k−2
1

(k − 2)!

)∫
X×R

f(x)2g(x)dx

≤ D̃2δ2

which completes the proof.

In the next corollary, we consider the class

F =
{
x 7→ fα(x) = Ei,α0

(αT0 x)− Ei,α(αTx), x ∈ X ,α ∈ B(α0, δ)
}

where Ei,α(u) = E
{
Xi|αTX = u

}
for i ∈ {1, . . . , d} and δ ∈ (0, δ0). Using the same arguments in the proof

of Lemma 3.3 with f(x) = xi it follows that for all x ∈ X and α,α′ ∈ B(α0, δ)

|fα′(x)− fα(x)| ≤M‖α′ −α‖
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for the same constant M of that lemma. Now, we can apply Theorem 2.7.11 of van der Vaart and Wellner
(1996) to conclude that

NB
(
2ε,F , ‖ · ‖P0

)
≤ N

(
ε,B(α0, δ), ‖ · ‖

)
where N

(
ε,B(α0, δ), ‖ · ‖

)
is the ε-covering number for B(α0, δ) with respect to the norm ‖ · ‖ which is of

order (δ/ε)d for ε ∈ (0, δ). Hence, using the inequality log(x) ≤ x for x > 0 we can find a constant M ′ > 0
depending on d such that

HB

(
ε,F , ‖ · ‖P0

)
≤ M ′δ

ε
.

Furthermore, there exists M̃ > 0 such that ‖f‖∞ ≤ M̃δ and ‖f‖P0 ≤ M̃δ.

Lemma 2.7. Let F be the class of functions as above and consider the related class

F ′ =
{
f ′ : f ′(x, y) = f(x)

(
y − λψ0(αT0 x)

)
, (x, y) ∈ X × R, f ∈ F

}
. (2.10)

Then,

E[‖Gn‖F ′ ] . δ.

Proof. Note that for any function f ′ ∈ F ′ and constant C > 0 we have that Gn(f ′C−1) = C−1Gnf ′ implying
that ‖Gn‖F ′ = 4M0M̃δ‖Gn‖F̃ , where

F̃ =
{
f̃ : f̃(x, y) = (4M0M̃δ)−1f ′(x, y), f ′ ∈ F ′

}
.

Note also that the constant D̃ in Lemma 2.6 is given by D̃ � δ−1, where D̃ depends on M̃ , a0, M0 and K0.
Also, using the entropy calculations along with Lemma 2.6 we can show easily that

HB(ε, F̃ , ‖ · ‖B,P0
) .

1

ε

and that ‖f̃‖B,P0
. 1. Using Lemma 3.4.3 of van der Vaart and Wellner (1996) it follows that there exists

some constant B > 0 such that

E[‖Gn‖F̃ ] . Jn

(
1 +

Jn√
nB2

)
with Jn =

∫ B
0

√
1 +B/εdε. Hence, E[‖Gn‖F̃ ] . 1 and E[‖Gn‖F ′ ] . δ as claimed.

3. Supplement C: Auxiliary results

Proof of Lemma 4.1. We have:

(JS(β0))
T
AJS(β0)

{
(JS(β0))

T
AJS(β0)

}−1
(JS(β0))

T
AJS(β0) = (JS(β0))

T
AJS(β0).

In the parametrizations that we consider, the columns of JS(β0) are orthogonal to α0. We can therefore
extend the matrix JS(β0) with a last column α0 to a square nonsingular matrix J̄S(β0). This leads to the
equality (

J̄S(β0)
)T
AJS(β0)

{
(JS(β0))

T
AJS(β0)

}−1
(JS(β0))

T
AJ̄S(β0) =

(
J̄S(β0)

)T
AJ̄S(β0).

imsart-generic ver. 2014/10/16 file: BGH_single_index_models_Supplement1.tex date: June 15, 2017



Fadoua Balabdaoui , Piet Groeneboom and Kim Hendrickx/ single index model 15

Multiplying on the left by
((
J̄S(β0)

)T)−1
and on the right by J̄S(β0)−1, we get:

AJS(β0)
{

(JS(β0))
T
AJS(β0)

}−1
(JS(β0))

T
A = A. (3.1)

This shows that JS(β0)
{

(JS(β0))
T
AJS(β0)

}−1
(JS(β0))

T
is a generalized inverse of A.

To complete the proof and show that it is indeed the Moore-Penrose inverse of A, we first note that

JS(β0)
{

(JS(β0))
T
AJS(β0)

}−1
(JS(β0))

T
AJS(β0)

{
(JS(β0))

T
AJS(β0)

}−1
(JS(β0))

T

= JS(β0)
{

(JS(β0))
T
AJS(β0)

}−1
(JS(β0))

T
. (3.2)

Furthermore, (
AJS(β0)

{
(JS(β0))

T
AJS(β0)

}−1
(JS(β0))

T

)T
= JS(β0)

{
(JS(β0))

T
AJS(β0)

}−1
(JS(β0))

T
AT

= JS(β0)
{

(JS(β0))
T
AJS(β0)

}−1
(JS(β0))

T
A,

where the last equality holds since A is symmetric, being a covariance matrix. We have to show that

JS(β0)
{

(JS(β0))
T
AJS(β0)

}−1
(JS(β0))

T
A

= AJS(β0)
{

(JS(β0))
T
AJS(β0)

}−1
(JS(β0))

T
. (3.3)

Multiplying on the left by (JS(β0))T and on the right by JS(β0), we get:

(JS(β0))TJS(β0)
{

(JS(β0))
T
AJS(β0)

}−1
(JS(β0))

T
AJS(β0)

= (JS(β0))TJS(β0)

= (JS(β0))TAJS(β0)
{

(JS(β0))
T
AJS(β0)

}−1
(JS(β0))

T
JS(β0),

and (3.3) follows by the orthogonality relation of the columns of JS(β0) with α0 in the same way as before,
replacing the matrix JS(β0) by J̄S(β0) in the outer factors of the equality relation.

In a similar way we obtain:(
JS(β0)

{
(JS(β0))

T
AJS(β0)

}−1
(JS(β0))

T
A

)T
= JS(β0)

{
(JS(β0))

T
AJS(β0)

}−1
(JS(β0))

T
A. (3.4)

Since the matrix JS(β0)
{

(JS(β0))
T
AJS(β0)

}−1
(JS(β0))

T
satisfies properties (3.1), (3.2),(3.3) and (3.4),

the matrix satisfies the four properties which define the Moore-Penrose pseudo-inverse matrix of A. This
completes the proof of Lemma 4.1.

Remark 3.1. The same proof holds for showing that the Moore-Penrose inverse Ã is given by

JS(β0)
{

(JS(β0))
T
ÃJS(β0)

}−1
(JS(β0))

T
.
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Lemma 3.1 (Derivative α 7→ ψα(αTx)).

∂

∂αj
ψα(αTx)

∣∣∣
α=α0

=
(
xj − E(Xj |αTX = αT0 x)

)
ψ′0(αT0 x)

and

∂

∂βj
ψα(αTx)

∣∣∣
α=α0

=
∂

∂βj
ψS(β)(S(β)Tx)

∣∣∣
β=β0

=
(
JS(β0)T

)
j

(
x− E(X|S(β)TX = S(β)Tx)

)
ψ′0
(
S(β)Tx

)
,

where
(
JS(β0)T

)
j

denotes the jth row of JS(β0)T

Proof. We assume without loss of generality that the first component α1 of α is not equal to zero. Denote
the conditional density of (X2, . . . , Xd)

T given αTX = u by hα(·|u) Using the change of variables t1 = αTx,
tj = xj for j = 1, . . . , d, the function ψα can be written as

ψα(αTx) = E[ψ0(αT0X)|αTX = αTx]

=

∫
ψ0

α01

α1
(αTx− α2x̃2 − . . .− αdx̃d) +

d∑
j=2

α0j x̃j

hα(x̃2, . . . , x̃d|αTx)
d∏
j=2

dx̃j

with partial derivatives w.r.t. αj for j = 2, . . . , d given by,

∂

∂αj
ψα(αTx) =

∂

∂αj
E[ψ0(αT0X)|αTX = αTx]

=

∫
α01

α1
(xj − x̃j)ψ′0

α01

α1
(αTx− α2x̃2 − . . .− αdx̃d) +

d∑
j=2

α0j x̃j

hα(x̃2, . . . , x̃d|αTx)

d∏
j=2

dx̃j

+

∫
ψ0

α01

α1
(αTx− α2x̃2 − . . .− αdx̃d) +

d∑
j=2

α0j x̃j

 ∂

∂αj
hα(x̃2, . . . , x̃d|αTx)

d∏
j=2

dx̃j

which is at α = α0 equal to

∂

∂aj
ψα(αTx)

∣∣∣
α=α0

=

∫
(xj − x̃j)ψT0

(
αT0 x

)
hα0(x̃2, . . . , x̃d|αT0 x)

d∏
j=2

dx̃j

= ψ′0(αT0 x)
{
xj − E(Xj |αT0X = αT0 x)

}
.

For the partial derivatives w.r.t. α1 we have,

∂

∂α1
ψα(αTx)

=

∫ {
α01

α1
x1 −

α01

α2
1

(αTx− α2x̃2 − . . .− αdx̃d)
}
ψ′0

α01

α1
(αTx− α2x̃2 − . . .− αdx̃d) +

d∑
j=2

α0j x̃j


hα(x̃2, . . . , x̃d|αTx)

d∏
j=2

dx̃j

+

∫
ψ0

αTx+ (α01 − α1)
αTx− α2x̃2 − . . .− αdx̃d

α1
+

d∑
j=2

(α0j − αj)x̃j

 ∂

∂α1
h(x̃2, . . . , x̃d|αTx)

d∏
j=2

dx̃j ,

and,

∂

∂a1
ψα(αTx)

∣∣∣
α=α0

= ψ′0(αT0 x)
{
x1 − E(X1|αT0X = αT0 x)

}
.

This proves the first result of Lemma 3.1. The proof for the second results follows similarly and is omitted.
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Lemma 3.2. Let φ̄ be defined by

φ̄(α) =

∫
x
{
y − ψα(αTx)

}
dP0(x, y) =

∫
x
{
ψ0(αT0 x)− ψα(αTx)

}
dG(x), (3.5)

then we have for each α ∈ B(α0, δ0),

φ̄(α) = E
[
Cov

[
X, ψ0(αTX + (α0 −α)TX)|αTX

]]
.

Moreover,

αT φ̄(α) = 0

and,

(α0 −α)T φ̄(α) = E
[
Cov

[
(α0 −α)TX, ψ0(αTX + (α0 −α)TX)|αTX

]]
≥ 0,

and α0 is the only value such that the above equation holds uniform in α ∈ B(α0, δ0).

Proof. We have,

φ̄(α) =

∫
x
{
y − ψα(αTx)

}
dP0(x, y) =

∫
x
{
ψ0(αT0 x)− ψα(αTx)

}
dG(x)

=

∫
x
[
ψ0(αT0 x)− E

{
ψ0(αT0X)|αTX = αTx

}]
dG(x)

= E
[
Cov

[
X, ψ0(αT0X)|αTX

]]
, (3.6)

and

αT
∫
x
[
ψ0(αT0 x)− E

{
ψ0(αT0X)|αTX = αTx

}]
dG(x) = E

[
Cov

[
αTX, ψ0(αT0X)|αTX

]]
= 0.

We next note that,

(α0 −α)T φ̄(α) = E
[
Cov

[
(α0 −α)TX, ψ0(αT0X)|αTX

]]
= E

[
Cov

[
(α0 −α)TX, ψ0(αTX + (α0 −α)TX)|αTX

]]
,

which is positive by the monotonicity of ψ0. This can be seen as follows. Using Fubini’s theorem, one can
prove that for any random variables X and Y such that XY,X and Y are integrable, we have

Cov {X,Y } = EXY − EXEY =

∫
{P(X ≥ s, Y ≥ t)− P(X ≥ s)P(Y ≥ t)} ds dt.

Denote Z1 = (α0 − α)TX and Z2 = ψ0(u + (α0 − α)TX) = ψ0(u + Z1), then, using monotonicity of the
function ψ0, we have

P(Z1 ≥ z1, Z2 ≥ z2) = P(Z1 ≥ max{z1, z̃2}) ≥ P(Z1 ≥ max{z1, z̃2})P(Z1 ≥ min{z1, z̃2})
= P(Z1 ≥ z1)P(Z2 ≥ z2}

where

z̃2 = ψ−10 (z2)− u = inf{t ∈ R : ψ0(t) ≥ z2} − u.

We conclude that,

Cov
{

(α0 −α)TX, ψ0(αTX + (α0 −α)′X)|αTX = u
}

=

∫
{P(Z1 ≥ z1, Z2 ≥ z2)− P(Z1 ≥ z1)P(Z2 ≥ z2)} ds dt ≥ 0,
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and hence the first part of the Lemma follows. We next prove the uniqueness of the parameter α0. We start
by assuming that, on the contrary, there exists α1 6= α0 in B(α0, δ0) such that

(α0 −α)T φ̄(α) ≥ 0 and (α1 −α)T φ̄(α) ≥ 0 for all α ∈ B(α0, δ0),

and we consider the point α ∈ B(α0, δ0) such that

|αj − αj0| = |αj − αj1| for j = 1, . . . , d.

For this point, we have,

(α0 −α)T φ̄(α) = −(α1 −α)T φ̄(α) for all α ∈ B(α0, δ0),

which is not possible since both terms should be positive. This completes the proof of Lemma 3.2.

Lemma 3.3. Let f : X → Rk, k ≤ d be a differentiable function on X such that there exists a constant
M > 0 satisfying ‖f‖∞ ≤M . Then, under the assumptions A1 and A5 we can find a constant M̃ > 0 such
that for all α ∈ B(α0, δ0) we have that

sup
(x,X

∣∣∣E[f(X)|αTX = αTx]− E[f(X)|αT0X = αT0 x]
∣∣∣ ≤M‖α−α0‖.

Proof. We can assume without loss of generality that α0,1 6= 0 where α0,1 is the first component of α0. At
the cost of taking a smaller δ0, we can further assume that α̃1 6= 0 for all α ∈ B(α0, δ0). Consider the change
of variables t1 = αTX, ti = xi for i = 1, . . . , d. Then, the density of (αTX, X2, . . . , Xd) is given by

g(αTX,X2,...,Xd)(t1, . . . , td) = g

(
1

α1

(
t1 − α2t2 − . . .− αdtd), t2, . . . , td

)
1

α1
.

Then, for i = 2, . . . , d, the conditional density g(X2,...,Xd)|αTX=u(x2, . . . , xd) of the (d−1)-dimensional vector

(X2, . . . , Xd) given that αTX = u is equal to

g
(
u−α2x2−...−αdxd

α1
, x2, . . . , xd

)
∫
g
(
u−α2t2−...−αdtd

α1
, t2, . . . , td

)∏d
j=2 dtj

:= hα(x2, . . . , xd|u)

(3.7)

where the domain of integration in the denominator is the set {(x2, . . . , xd) : (x,X )}. Note that X1 =
(αTX − α2X2 − . . .− αdXd)/α1. Thus, for (x,X ) we have that

E[f(X)|αTX = αTx] = E[f(X1, X2, . . . , Xd)|αTX = αTx]

= E
[
f

(
αTX − α2X2 − . . .− αdXd

α1
, X2, . . . , Xd

)
| αTX = αTx

]
=

∫
f

(
αTx− α2x2 − . . .− αdxd

α1
, x2, . . . , xd

)
hα(x2, . . . , xd|αTx)

d∏
j=2

dxj .

Note now that function

α 7→ hα(x2, . . . , xd|αTx) =
g
(
αTx−α2x2−...−αdxd

α1
, x2, . . . , xd

)
∫
g
(
αTx−α2t2−...−αdtd

α1
, t2, . . . , td

)∏d
j=2 dtj

is continuously differentiable on B(α0, δ0). This follows from assumptions A1 and A5 together with Lebesgue
dominated convergence theorem which allows us to differentiate the density g under the integral sign. With
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some notation abuse we write ∂h/∂xi for the i-th partial derivative of α 7→ hα(x2, . . . , xd|αTx). Straight-
forward calculations yield

∂hα
∂α1

= g

(
αTx− α2x2 − . . .− αdxd

α1
, x2, . . . , xd

)

×

∫ ∑d
i=2(xi − ti) ∂g∂x1

(
αTx−α2t2−...−αdtd

α1
, t2, . . . , td)

)∏d
j=2 dtj

α2
1

(∫
g
(
αTx−α2t2−...−αdtd

α1
, t2, . . . , td

)∏d
j=2 dtj

)2 ,

and for i = 2, . . . , d

∂hα
∂αi

= −g
(
αTx− α2x2 − . . .− αdxd

α1
, x2, . . . , xd

)

×

∫
(xi − ti) ∂g∂xi

(
αTx−α2t2−...−αdtd

α1
, t2, . . . , td)

)∏d
j=2 dtj

α1

(∫
g
(
αTx−α2t2−...−αdtd

α1
, t2, . . . , td

)∏d
j=2 dtj

)2 .

Assumptions A1 and A5 allow us to find a constant D > 0 depending on R, c0, c̄0 and c̄1 such that∥∥∥∂hα
∂αi

∥∥∥
∞
≤ D,

for i = 1, . . . , d. Consider now the function α 7→ E[f(X)|αTX = αTx]. Using the assumptions of the lemma
and applying again Lebesgue dominated convergence theorem we conclude for i ∈ {1, . . . , d} that we have

∂E[f(X)|αTX = αTx]

∂αi

=

∫
f

(
αTx− α2x2 − . . .− αdxd

α1
, x2, . . . , xd

)
∂hα(x2, . . . , xd|αTx)

∂αi

d∏
j=2

dxj .

Furthermore, we have that

sup
(x,X

∣∣∣∂E[f(X)|αTX = αTx]

∂αi

∣∣∣ ≤MD

∫ d∏
j=2

dxj = M ′,

for all i ∈ {1, . . . , d} and (x,X ) and α ∈ B(α0, δ). The results now follow using a first order Taylor expansion
to obtain∣∣∣E[f(X)|αTX = αTx]− E[f(X)|αT0X = αT0 x]

∣∣∣ =
∣∣∣ d∑
i=1

∂E[f(X)|α̃TX = α̃Tx]

∂αi
(αi − α0,i)

∣∣∣
for some α̃ ∈ Rd such that ‖α̃ − α0‖ ≤ ‖α − α0‖. Bounding the right side of the preceding display by
M̃‖α−α0‖ with M̃ = dM ′ gives the result.

Lemma 3.4. Denote for i ∈ {1, . . . , d} the ith component of the function u 7→ E[X|αTX = u] by Ei,α. Then
Ei,α has a total bounded variation. Furthermore, there exists a constant B > 0 such that for all α ∈ B(α0, δ0)

‖Ei,α‖∞ ≤ B, and

∫
Iα
|E′i,α(u)|du ≤ B.

where Iα = {αTx : x ∈ X}.
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Proof. Since X ⊂ B(0, R), it is clear that ‖Ei,α‖∞ ≤ R. As above let us assume without loss of generality
that the first component of α0 is not equal to 0. At the cost of taking a smaller δ0, we can further assume
that α̃1 6= 0 for all α ∈ B(α0, δ0). We known that for i = 2, . . . , d

Ei,α(u) =

∫
xihα(x2, . . . , xd|u)dx2 . . . dxd,

where integration is done over the set {(x2, . . . , xd) : (x,X )} and u ∈ Iα ⊂ (a0 − δ0R, b0 + δ0R) and where
hα denotes conditional density of (X2, . . . , Xd)

′ given αTX = u, defined in (3.7). Using assumptions A1 and
A5 along with the Lebesgue dominated convergence theorem we are allowed to write

E′i,α(u) =

∫
xi

∂

∂u
hα(x2, . . . , xd|u) dx2 . . . dxd.

Straightforward calculations yield that

∂

∂u
hα(x2, . . . , xd|u)

=

∂g
∂x1

(
u−α2x2−...−αdxd

α1
, x2, . . . , xd

)
α1

(∫
g
(
u−α2t2−...−αdtd

α1
, t2, . . . , td

)∏d
j=2 dtj

)
−
g
(

1
α1

(
u− α2x2 − . . .− αdxd), x2, . . . , xd

) ∫
∂g
∂x1

(
u−α2t2−...−αdtd

α1
, t2, . . . , td

)∏d
j=2 dtj

α1

(∫
g
(
u−α2t2−...−αdtd

α1
, t2, . . . , td

)∏d
j=2 dtj

)2 .

Thus, we can find constant C > 0 depending only on |α0,1|, c0, c1, c̄1 and R such that
∫
|E′i,α(u)|du ≤ C for

all α ∈ B(α0, δ0). Now B = max(R,C) gives the claimed inequalities. If i = 1, then

E1,α(u) =
1

α1

(
u− αj

d∑
j=2

Ej,α(u)
)
, and e′1,α(u) =

1

α1

(
1− αj

d∑
j=2

e′j,α(u)
)
.

for u ∈ Iα. We conclude again that the claimed inequalities are true at the cost of increasing the constant
B obtained above.

Lemma 3.5. Let f be a function defined on some interval [a, b] such that

‖f‖∞ ≤M, V (f, [a, b]) := sup
a=x0<x1...<xn=b

n∑
j=1

|f(xj)− f(xj−1)| ≤M

for some finite constant M > 0. Then, there exist two non-decreasing functions f1 and f2 on [a, b] such that
‖f1‖∞, ‖f2‖∞ ≤ 2M and f = f2 − f1.

Proof. The fact that f = f2 − f1 with f1 and f2 non-decreasing on [a, b] follows from the well-known
Jordan’s decomposition. Furthermore, we can take f1(x) = V (f, [a, x]) and f2(x) = f(x)−f1(x)for (x, [a, b].
By assumption, ‖f1‖∞ ≤M ≤ 2M and ‖f2‖ ≤ ‖f‖∞ + ‖f1‖∞ ≤ 2M .

Lemma 3.6. Under Assumptions A4-A5, we can find a constant C > 0 such that for all α close enough to
α0 we have that

ψ′α(u) > C

for all u ∈ Iα.
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Proof. We assume again that a1 6= 0. By calculations similar to the calculations made in the proof of Lemma
3.1, we get

ψα(u) =
α01

α1

∫
ψ′0

α01

α1
(u− α2x̃2 − . . .− αdx̃d) +

d∑
j=2

α0j x̃j

hα(x̃2, . . . , x̃d|u)

d∏
j=2

dx̃j

+

∫
ψ0

α01

α1
(u− α2x̃2 − . . .− αdx̃d) +

d∑
j=2

α0j x̃j

 ∂

∂u
h(x̃2, . . . , x̃d|u)

d∏
j=2

dx̃j .

Now, a Taylor expansion of αi in the neighborhood of α0,i and using that α0,1/α1 = 1−ε1/α0,1 +o(ε1) yields

ψ0

(
α0,1

α1
(u− α2x2 − · · · − αdxd) + α0,2x2 + · · ·+ α0,dxd

)
= ψ0

(
u− ε1

α0,1
(u− ε2x2 − . . .− εdxd) + o(ε1)

)
= ψ0(u)− ε1

α0,1
(u− ε2x2 − . . .− εdxd)ψ′0(u) + o(ε1)

= ψ0(u)− ε1
α0,1

uψ′0(u) + o(‖α−α0‖).

Using the Lebesgue dominated convergence theorem and the fact that hα(x̃2, . . . , x̃d|u) is a conditional
density it follows that∫

ψ0

α01

α1
(u− α2x̃2 − . . .− αdx̃d) +

d∑
j=2

α0j x̃j

 ∂

∂u
h(x̃2, . . . , x̃d|u)

d∏
j=2

dx̃j ,= o(α−α0),

such that

ψ′α(u) ≥ C
(

1− ε1
α0,1

)
+ o(α−α0) ≥ C > 0,

provided that ‖α−α0‖ is small enough.

Lemma 3.7. If h � n−1/7, then there exists a constant B > 0 such that for all α ∈ B(α0, δ)

‖ψ′nh,α‖∞ ≤ B and

∫
Iα
|ψ′′nh,α(u)|du ≤ B,

where Iα = {αTx : x ∈ X}

Proof. Using integration by parts and Proposition 3.2, we have for all u ∈ Iα

ψ′nh,α(u) =
1

h

∫
K

(
u− x
h

)
dψ̂nα(x)

=
1

h

∫
K

(
u− x
h

)
ψ′α(x)dx+

1

h2

∫
K ′
(
u− x
h

)
(ψ̂nα(x)− ψα(x))dx

=
1

h

∫
K

(
u− x
h

)
dψα(x) +

1

h

∫
K ′ (w) (ψ̂nα(u+ hw)− ψα(u+ hw))dw

= ψ′α(u) +O(h2) +Op(h
−1 log nn−1/3) = ψ′α(u) + op(1).

This proves the first part of Lemma 3.7. For the second part, we get by a similar calculation that,

ψ′′nh,α(u) =
1

h

∫
K

(
u− x
h

)
ψ′′α(x)dx+

1

h2

∫
K ′′ (w) (ψ̂nα(u+ hw)− ψα(u+ hw))dw

=
1

h

∫
K

(
u− x
h

)
ψ′′α(x)dx+Op(h

−2 log nn−1/3).

Since h−2 log nn−1/3 = o(1) for h � n−1/7, the second part follows by Assumption A10.
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